We extend the index bundle construction for families of bounded Fredholm operators to morphisms between Banach bundles.
Introduction
In the sixties Atiyah and Jänich constructed independently a map
which assigns to every homotopy class of families of bounded Fredholm operators acting on the separable Hilbert space H a virtual bundle (cf. 
which implies the assertion since GL(H) is contractible according to Kuiper's theorem. Later the construction of the index bundle was extended to families of Fredholm operators acting on a general Banach space E and the exactness of the corresponding sequence (2) was shown under additional assumptions on E (see [ZKKP75, §2] for a survey). Since GL(E) has been proved to be contractible for a wide class of Banach spaces, BF(E) represents the K-theory functor for many common sequence and function spaces. The aim of this paper is to generalise the index bundle construction from families of Fredholm operators acting on a fixed Banach space to Fredholm morphisms L : E → F between Banach bundles over a compact base space X. Here some technical difficulties arise which are mainly caused by the target bundle F . We solve these problems by using deep results from the theory of Banach bundles which are based on the fact that every infinite dimensional Banach bundle admits a nowhere vanishing continuous section. Besides the elementary properties of our index bundle ind L ∈ K(X), we also show the exactness at the element in the middle of a corresponding sequence like (2) and discuss an application. The paper is structured as follows: In the first section we recall some well known generalities on Banach bundles and use them to recall the classical index bundle construction for families of 1 AMS Subject Classification: 46M20, 47A53 2 The author was supported by the research training group 1493 "Mathematical Structures in Modern Quantum Physics" of the German Research Foundation (DFG) and by the VIGONI program of the German Academic Exchange Service (DAAD).
Fredholm operators acting on a fixed Banach space. Afterwards we treat more advanced theory about Banach bundles where we give complete and detailed proofs although the results are well known. In the second section we use these preliminaries in order to prove two quite technical theorems that lead eventually to the definition of the index bundle for Fredholm morphisms. In the third section we discuss its elementary properties and show that we obtain the classical definition if E = F = X × E for some Banach space E. In the fourth section we consider the corresponding sequence (2). Finally, in the fifth section we give an application to families of boundary value problems of first order ordinary differential operators. Since all constructions hold for real and complex Banach bundles, we write K for the underlying scalars. However, in order to simplify notation, we denote by K(X) the complex and real Ktheory of the compact topological space X. Accordingly, the reader should keep in mind that one has to substitute K(X) by KO(X) if real Banach bundles are considered. Finally, we write Θ(V ) for the trivial vector bundle with fibre V over X.
2 Some generalities on Banach bundles and their morphisms
Elementary properties and the index bundle
In the following we denote the total spaces of Banach bundles by calligraphic letters as E, F and their model spaces by the corresponding latin letters E, F without further reference. We denote by L(E, F ) the space of all morphisms and abbreviate notation by L(E) := L(E, E) as usual. We now recall some well known results which will be used in the following sections without further reference. Detailed proofs can be found for example in [Wa11] . We begin with the close relation between projections and subbundles. Recall that a subbundle F of a Banach bundle E is called direct if each fibre F λ is a complemented subspace of the corresponding fibre E λ .
Proposition 2.1. Let E be a Banach bundle and let P ∈ L(E) be an idempotent morphism. Then im(P ) = {u ∈ E : P u = u} ⊂ E is a direct subbundle of E. Conversely, if the base space is paracompact and F ⊂ E is a direct subbundle of E, then there exists an idempotent morphism P ∈ L(E) such that F = im(P ).
Moreover, the following perfect analogy with subspaces of Banach spaces holds. Proposition 2.2. Let E be a Banach bundle over a paracompact base space and let F , G be subbundles of E. Then E ∼ = F ⊕ G if and only if there exists an idempotent morphism P ∈ L(E) such that im(P ) = F and ker(P ) = G.
Corollary 2.3. Let E be a Banach bundle over a paracompact base and let F be a direct subbundle. Then F is complemented, that is, there exists a direct subbundle G ⊂ E, such that
Finally, we need that kernels and images of bundle morphisms can give rise to subbundles of the corresponding target and domain bundles.
Lemma 2.4. Let E, F be Banach bundles over the paracompact base X and let L ∈ L(E, F ) be a morphism.
(i) If the kernels ker L λ , λ ∈ X, form a direct subbundle of E and each L λ has a complemented image, then the spaces im L λ form a direct subbundle of F .
(ii) If the images im L λ form a direct subbundle of F and each L λ has a complemented kernel, then the spaces ker L λ form a direct subbundle of E.
We now briefly sketch the classical construction of the index bundle. Accordingly, let E be a Banach space, let X be a compact topological space and let L : X → BF(E) be a family of bounded Fredholm operators which we assume to be continuous with respect to the norm topology on BF(E). The main observation for defining the index bundle is that there exists a closed subspace
according to lemma 2.4. Consequently, by proposition 2.1 we can find a family of projections
Its well definedness and main properties can easily be worked out by the reader but will also follow from our results in sections 3 and 4.
Sections and finite dimensional subbundles
In this section we consider finite dimensional subbundles of infinite dimensional Banach bundles, where results can be obtained that are in marked contrast to the case of finite dimensional bundles. The reason for the appearance of unexpected phenomena is given by the deep theorem that every infinite dimensional Banach space E is homeomorphic to E \ {0}. Our main reference here is [ZKKP75] , however, we use a slightly different presentation and give more details at points that will become important for us in the construction of the index bundle below.
Theorem 2.5. Let p : E → X be an infinite dimensional Banach bundle over the paracompact base X and let {δ 1 , . . . , δ m } be pointwise linear independent sections of E over an open set U ⊂ X. Then for every closed D ⊂ U there exist pointwise linear independent sections {δ 1 , . . . ,δ m } of the whole bundle E such thatδ i | D = δ i , i = 1, . . . , m.
Proof. At first we consider the special case m = 1. Let {U k } k∈N be a locally finite countable cover of X by trivialising neighbourhoods which exists for any fibre bundle over a paracompact base according to [MiSta74, 5.9 ]. We define V 0 := U and V k = U k ∩ (X \ D), k ∈ N, and obtain a locally finite countable open cover
We now construct the required section by induction and show that whenever we have a nowhere vanishing section δ n on
we can find a nowhere vanishing section δ n+1 on W n+1 such that δ n+1 | D = δ n | D . Since on W 0 = U we have by assumption a nowhere vanishing section that coincides with itself over D, this shows the existence of the desired section on each W n , n ∈ N. We will explain below why our construction actually yields a continuous section on all of X. Since E \ {0} is homeomorphic to E, there exists a linear structure {+,·} on E \ {0} that is compatible with the given topology on this space. Let now δ n be constructed over W n . We take a partition of unity {η 1,n , η 2,n } subordinated to the open covering {W n , V n+1 } of W n+1 and define
is a nowhere vanishing continuous section over W n+1 . Moreover, δ n+1 coincides with
By the local finiteness of {V k } k∈N , the construction is such that for any λ 0 ∈ X there exists an n 0 ∈ N and a neighbourhood U λ0 of λ 0 such that
Hence any point λ 0 has a neighbourhood on which the construction of δ is finished after a finite number of steps and so we indeed obtain a nowhere vanishing continuous section. Now we turn to the case m > 1. By the special case already proven we can extend δ 1 to a nowhere vanishing sectionδ 1 of E. Thenδ 1 defines a one dimensional subbundle F 1 of E. Moreover, the sections {δ 2 , . . . , δ m } build a subbundle of E restricted to U . Now we choose an open subset
It is not hard to construct a projection P ∈ L(E) having the one dimensional subbundle F 1 of E as image and such that the remaining sections δ 2 , . . . , δ m are in its kernel over U 1 . Hence we obtain a splitting E = F 1 ⊕ G 1 such that δ 1 is a section of the one dimensional bundle F 1 and δ 2 , . . . , δ m are sections over U 1 of the infinite dimensional Banach bundle G 1 . Now we can apply the first part of our proof to δ 2 as a section of G 1 over U 1 . Iterating this construction we obtain the desired sectionsδ 1 , . . . ,δ m : X → E.
We note a couple of immediate, but important consequences.
Corollary 2.6. Let p : E → X be a Banach bundle over a paracompact base such that dim E = ∞. Then (i) There exists a nowhere vanishing section of E.
(ii) For any n ∈ N, E contains an n-dimensional trivial subbundle.
(iii) If X is compact and F is a finite dimensional vector bundle over X, then E contains a subbundle isomorphic to F .
(iv) If X is compact and F is a finite dimensional subbundle of E, then there exists a further finite dimensional subbundle
(v) Let U ⊂ X be open and F a finite dimensional, trivial subbundle of E over U . Then for any closed subset D ⊂ U there exists a finite dimensional trivial subbundle of E that coincides with F over D.
Corollary 2.7. Let E be an infinite dimensional Banach bundle over the paracompact base X, let U ⊂ X be an open subset and let F 1 , F 2 be subbundles of E | U such that E | U = F 1 ⊕ F 2 , where F 1 is finite dimensional and trivial. Then for each closed set D ⊂ U there is a decomposition E = E 1 ⊕ E 2 , where E 1 is finite dimensional and trivial, such that
By the last part of corollary 2.6 there is a finite dimensional trivial subbundle E 1 which coincides with F 1 on U 1 . We choose a partition of unity {η 1 , η 2 } corresponding to the open cover {U 1 , X \ D} of X. Furthermore, let P ∈ L(E) be a projection on the subbundle E 1 and Q ∈ L(E | U1 ) a projection on
. Then the morphism η 1 Q + η 2 P is a projection onto E 1 and its kernel gives a subbundle E 2 such that E = E 1 ⊕ E 2 . Moreover, E 2 coincides with F 2 over D by construction.
We denote in the following by π : X × [0, 1] → X the projection onto the first component and by
Definition 2.8. Two subbundles F 0 and F 1 of a Banach bundle E are said to be homotopic if there exists a subbundle F of π * E such that
Remark 2.9. As in the case of finite fibre dimensions one can show that homotopic bundles over a paracompact base space are isomorphic.
Now we can state a further corollary of theorem 2.5.
Corollary 2.10. Two trivial finite dimensional subbundles of the same dimension of an infinite dimensional Banach bundle over a paracompact base are homotopic.
Proof. We denote by π 1 :
, 1] → X the projections on the first component. If F 1 and F 2 are two trivial finite dimensional bundles over X, we obtain a finite dimensional trivial bundle over X × ([0,
, the claim follows from the last part of corollary 2.6.
The next goal is to improve this result and to obtain some interesting consequences that will become important in the construction of the index bundle below.
Proposition 2.11. Let E be an infinite dimensional Banach bundle over the compact base X and let F 0 , F 1 be two isomorphic finite dimensional subbundles. Then F 0 and F 1 are homotopic.
Proof. Since F 0 and F 1 are isomorphic, we can find a finite dimensional bundle M over X such that F 0 ⊕ M and F 1 ⊕ M are trivial vector bundles of some dimension n ∈ N. Now, by using theorem 2.5, we can embed these bundles into E and obtain that F 0 and F 1 are contained in trivial subbundles G 0 and G 1 of E, respectively, which are of the same finite dimension n. Then G 0 and G 1 are homotopic by corollary 2.10 and, moreover, since G 0 and G 1 are trivial, the corresponding subbundle G of π * E is trivial as well. Now we use a complement of G in π * E and part (ii) of corollary 2.6 in order to extend G to a 2n-dimensional trivial subbundleG of π * E. Since we can embed F 0 and
Then we obtain from [Hu94, 3.6.2] and the assumption that F 0 and F 1 are isomorphic that j • f 0 and j • f 1 are homotopic, where j :
denotes the canonical inclusion. Now it is easily seen that F 0 and F 1 are homotopic by a subbundle ofG.
The construction of the index bundle
If E and F are Banach bundles over X, we denote by F k (E, F ), k ∈ Z, the space of all morphisms between E and F that are bounded Fredholm operators of index k in each fibre and by F(E, F ) the union of all these spaces. As in the foregoing section we will use the convention to denote the model spaces of E and F by E and F , respectively. Now we begin the construction of the index bundle and require in the following that the base space X of the Banach bundles E and F is compact. Let L ∈ F(E, F ) be a Fredholm morphism and assume that V ⊂ F is a finite dimensional subbundle that is transversal to im(L) in the sense that
We choose a fibrewise projection P ∈ L(F ) such that im(P ) = V and obtain a direct subbundle im(I − P ) of F . By the property (3) of V, the composition
is a surjective bundle morphism and hence its kernel gives rise to a direct subbundle E(L, V) of E. Note that the total space of E(L, V) is given by
and its fibres are of dimension
We want to define the index bundle of the morphism L by
but we have to make sure before that finite dimensional bundles V as in (3) indeed exist and that the element (5) is independent of their choice.
Theorem 3.1. Let L ∈ F(E, F ) be a Fredholm morphism acting between the Banach bundles E and F over the compact base space X. Then there exists a finite dimensional trivial subbundle V ⊂ F such that (3) holds over X.
Proof. We assume in a first step that F is trivialised by a global trivialisation ψ. Let λ 0 ∈ X and let U λ0 ⊂ X be an open neighbourhood of λ 0 such that E is trivial on U λ0 by means of a trivialisation ϕ. Let
denote the corresponding family of bounded Fredholm operators with respect to these trivialisations. SinceL λ0 is Fredholm, there exists V λ0 ⊂ F , dim V λ0 < ∞, and
Because of A λ0 ∈ GL(W λ0 × V λ0 , F ) and the continuity of A : U λ0 → L(W λ0 × V λ0 , F ), there exists a neighbourhoodŨ λ0 ⊂ U λ0 of λ 0 such that A λ ∈ GL(W λ0 × V λ0 , F ) and hence
By compactness we can now cover X by a finite number of neighbourhoodsŨ λi , i = 1, . . . , n, such that for each i there exists a finite dimensional subspace V λi such that
Finally, V := V 1 + . . . + V n defines a finite dimensional subspace of F such that
Then ψ −1 (X × V ) is a finite dimensional trivial subbundle of F such that (3) holds on all of X and the assertion is proved in the special case that F is trivial. We now turn to the general case. Let U . Since F is trivial on the compact subspace U 1 1 , we obtain from the special case in which we proved the assertion already that there is a finite dimensional trivial subbundle V ′ of F over U 1 1 such that (3) holds. We choose a complement
. By corollary 2.7 there exist bundles V 1 and W 1 over X such that F = V 1 ⊕ W 1 , V 1 is finite dimensional, trivial and
Note that V 1 is a trivial bundle over all of X satisfying (3) on U 2 1 . Moreover, since F is trivial on U 1 k , k = 1, . . . N , we obtain by corollary 2.13 that the bundle W 1 is trivial on all U 1 k as well. Next we consider U 0 2 and let P ∈ L(F ) denote a projection onto W 1 . Consider P • L : E → W 1 which is again a Fredholm morphism. Since W 1 is trivial on U 1 2 we can argue as on U 0 1 above and obtain a decomposition W 1 = V 2 ⊕ W 2 such that (3) holds for P • L and V 2 on U 2 2 . Moreover, V 2 is trivial on X and W 2 is trivial on each U 1 k , k = 1, . . . , N . Finally, note that V 1 ⊕ V 2 is a subbundle of F which is transversal to im L over U 
We leave it to the reader to check that for compact spaces Y and continuous maps f : Y → X, the pullback bundle f * V is transversal to the image of the pullback morphism f
Now we can prove that the element (5) moreover does not depend on the particular choice of a finite dimensional subbundle of F which is transversal to im L.
Theorem 3.2. Let L ∈ F(E, F ) be a Fredholm morphism acting between the Banach bundles E and F over the compact base space X. If V, W ⊂ F are two finite dimensional subbundles that are transversal to the image of L in the sense of (3), then
Proof. There are four steps.
Step 1
We consider the case that V ⊂ W is a subbundle. Then E(L, V) ⊂ E(L, W) is a subbundle as well and hence we can find a complement bundle
Step 2
In the second step of the proof we now turn to the general case and consider two finite dimensional bundles V, W as in the assertion. Our aim is to use the special case we already proved above in order to show that we can assume without loss of generality that V and W are trivial and of the same dimension. In order to do so, note at first that V and W are contained in trivial finite dimensional subbundles of F by corollary 2.6. Hence by the special case proved above, we can assume without loss of generality that V and W are trivial. If now dim V = dim W, we are done. If, however, they are not of the same dimension, say dim V < dim W, we choose a subbundle M of E which is complementary to V in E. According to corollary 2.6, we now can find a (dim W − dim V)-dimensional trivial subbundle of M and the direct sum of this bundle and V yields a trivial subbundle of E of the same dimension than W. By using the first step of our proof once again, we finally obtain that it suffices to prove the assertion of the theorem under the additional assumption that V and W are trivial and of the same dimension.
Step 3
By corollary 2.10, V and W are homotopic and hence there exists a finite dimensional subbundle
Moreover, M is trivial since its restriction to X × {0} is trivial. Consider the bundle morphism π * L : π * E → π * F . Our next aim is to extend M to a larger bundle over X × I which is transversal to im(π
Fredholm morphism and by theorem 3.1, we can find a finite dimensional subbundle
Taking the direct sum of M
′′ and M we finally obtain a finite dimensional subbundle of π * F that is transversal to im(π * L : π * E → π * F ) and contains M as a subbundle.
Step 4
Using that ι * 0 = ι * 1 : K(X × I) → K(X), (6) and once again the first step of our proof, we now finally obtain
Main properties
In this section we discuss the main properties of the index bundle for Fredholm morphisms between Banach bundles. Since most of them are immediate consequences of the definition, we leave almost all proofs to the reader.
If not otherwise stated, we assume throughout that X is a compact topological space, E, F are Banach bundles over X and L ∈ F(E, F ) is a Fredholm morphism.
Note that we obtain as immediate consequence of the foregoing lemma that ind(f
Lemma 4.3 (Homotopy invariance property). Let E and F be Banach bundles over X × I and let L ∈ F(E, F ) be a Fredholm morphism. Then
Corollary 4.4 (Invariance under compact perturbations). Let K ∈ L(E, F ) be a compact operator in every fibre. Then
Lemma 4.5 (Direct sum property). Let M ∈ F(Ẽ,F ) be a further Fredholm morphism between Banach bundlesẼ andF over X. Then
Although the proof of the following important property is also quite elementary, we include it for the convenience of the reader.
Lemma 4.6 (Logarithmic property). Let G be a Banach bundle over X and let M ∈ F(F , G) be a further Fredholm morphism. Then
Proof. Let W ⊂ G be a finite dimensional subbundle which is transversal to im(M • L). Then W is transversal to im(M ) as well and hence E(M, W) is defined. Our first aim is to show that E(M, W) is transversal to im(L). In order to do so, let u ∈ F λ for some λ ∈ X. Then M λ u ∈ G λ and hence we can find w 0 ∈ im(M λ L λ ) and w 1 ∈ W λ such that M λ u = w 0 + w 1 . Now we choose u 0 ∈ im(L λ ) such that
The following reduction property is in particular not available in this general form in the classical definition of the index bundle for families of operators acting between fixed Banach spaces. Note that V is not assumed to be of finite dimension here.
Lemma 4.7. Let V be a direct subbundle of F which is transversal to im(L) in the sense of (3) and such that L −1
Proof. It is clear that E(L, V) can be defined as before under the given assumptions on V. Moreover, since E(L, V) is a direct subbundle of E and V is a direct subbundle of F , the restriction of L is a bundle morphism. Hence in order to show the second assertion we just have to prove thatL is a Fredholm operator in each fibre which follows immediately from ker(
To prove the final assertion, let W ⊂ V be a finite dimensional subbundle which is transversal to the image ofL. Then W is transversal to the image of L as well. Moreover, since W ⊂ V, we deduce that E(L, W) = E(L, W) and the restrictions of L andL to this bundle coincide. Hence
Finally, we want to show that in the case E = F = Θ(E), our definition of ind(L) is just the classical one as described in section 2. Let L : X → BF(E) be a norm continuous family of bounded Fredholm operators. Let E 1 ⊂ E be a finite codimensional closed subspace such that ker L λ ∩ E 1 = {0} for all λ ∈ X and set W = im(I − P ) ⊂ Θ(E), where P denotes a projection onto the subbundle im(L | X×E1 ) of Θ(E). Then the index bundle in the classical sense is defined by
Note that by construction
which implies that im(L λ ) + W λ = E λ , λ ∈ X. Hence we can use W in order to build the index bundle according to our definition 3.3 and obtain
and in order to show that both definitions of the index bundle coincide we want to prove that F is a bundle isomorphism. Note at first that F is obviously continuous and hence it suffices to show that each
, we infer that L λ u = 0 by (7). But using that u ∈ E 1 once again, we conclude that u = 0 and hence F λ is injective. Moreover, we have
and comparing this equality with (4) yields the assertion.
The kernel of the index map
As already mentioned in the introduction, the Atiyah-Jänich theorem states that the index map (1) is an isomorphism for separable Hilbert spaces H and it is proved by using the exactness of (2) and Kuiper's theorem. In the case of Banach spaces E, the group GL(E) needs no longer be contractible. Moreover, to the best knowledge of the author it is unknown if the index map is surjective in general. However, at least the sequence
is still exact (cf. [ZKKP75, Theorem 2.1]), that is, the kernel of the index map is given by the set of all families which can be deformed to a family of invertible operators. The aim of this section is to show that this result also holds for Fredholm morphisms between Banach bundles, which is a consequence of the following proposition.
Proposition 5.1. Let X be a compact topological space, let E, F be Banach bundles over X and let L ∈ F(E, F ) be a Fredholm morphism. Then ind(L) = 0 ∈ K(X) if and only if there exist a bundle isomorphism M ∈ GL(E, F ) and a fibrewise compact morphism
Proof. Note at first that ind L = 0 if M and K exist because of lemma 4.1 and corollary 4.4. Before we treat the remaining assertion we want to show that under the assumption ind(L) = 0 we can find a finite dimensional trivial subbundle V ⊂ F which is transversal to the image of L such that the bundle E(L, V) is trivial. Let V ⊂ F be any trivial finite dimensional subbundle transversal to the image of L.
and hence E(L, V) ⊕ W is a trivial bundle. Now we choose a trivial subbundle
and consider the bundle
where the last isomorphism exists because W is trivial and of the same dimension than V ′ . Hence E(L, V ⊕ V ′ ) is a trivial bundle by (8). Now we begin the proof of the remaining assertion. Let V ⊂ F be a finite dimensional trivial subbundle which is transversal to the image of L and such that E(L, V) is a trivial bundle. Since dim E(L, V) = dim V by (4), we can find an isomorphism a : E(L, V) → V. Let P ∈ L(E) and Q ∈ L(F ) be projections such that im P λ = E(L, V) λ and im Q λ = V λ , λ ∈ X. Then we can define a bundle morphism K ∈ L(E, F ) by
which consists of finite rank operators. Now we consider
which is a Fredholm morphism of index 0. If L λ u + K λ u = 0 for some u ∈ E λ , we infer (I − Q λ )L λ u = a λ P λ u = 0 because a λ P λ u ∈ V λ and Q λ is a projection onto V λ . Now from (I − Q λ )L λ u = 0 we obtain L λ u ∈ V λ while a λ P λ u = 0 gives P λ u = 0 because a λ is an isomorphism. But, since P λ is a projection onto E(L, V) λ = L −1 λ (V λ ), we conclude from L λ u ∈ V λ that P λ u = u and so finally u = 0. Hence each L λ + K λ is an injective Fredholm operator of index 0 and so an isomorphism.
We now immediately obtain the following important corollary.
Corollary 5.2. ind L = 0 ∈ K(X) if and only if L is homotopic to a bundle isomorphism. That is, there exists a bundle morphism H : π * E → π * F such that ι * 0 H = L and ι * 1 H is invertible.
An application
Let n ∈ N, let V ⊂ Θ(K 2n ) be an n-dimensional subbundle of the 2n-dimensional product bundle over the compact topological space X and let 1 ≤ p ≤ ∞. We consider the family of unbounded operators on L p (I, K n ) defined by
We leave it as an exercise for the reader to show that each L Bx is an unbounded Fredholm operator of (numerical) index 0 on L p (I, K n ). Let us point out that boundary value problems of the type we consider here have been studied for a long time (cf. [Co67] for a review). In the following we not only consider W 1,p (I, K n ) as a subspace of L p (I, K n ) but also as a Banach space in its own right with respect to the usual Sobolev norm. Now the aim of this section is to prove the following assertion. 
Since the total space of E(L, Θ(Y 1 )) is given by
we see that E(L, Θ(Y 1 )) is isomorphic to V. Now we finally infer
which is trivial if and only if V is stably trivial because of the assumption dim V = n.
